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1 Introduction
The study of classical and quantum fields in black holes has been an interesting
activity since the discovery of these black objects. For its relevance with reality
perhaps these studies are more appealing in four dimensions, being the Kerr
black hole the more relevant for these purposes. The study of quantum fields on
this spacetime dates back to 1974 [1]. However from the pure theoretical point
of view studying classical and quantum fields in black holes in other dimensions
is a very important activity. In particular the BTZ black hole [2], [3] is one
stimulating object to study since shares some features with the Kerr black hole.
The purpose of the present work is to go in this direction and we will address
several aspects of classical and quantum fields in the BTZ black hole.
As our preferred fields will be the real scalar field and the Dirac field. In
these studies we take advantage of known results regarding the solution of the
Klein-Gordon operator and the Dirac operator in the rotating BTZ black hole.
Armed with these results we are able to obtain interesting and closed further
results.
The organization of the paper is the following: in section 2 we show there is
no superradiance for the Dirac field in the rotating BTZ black hole if Dirichlet
boundary conditions are imposed at infinity. In section 3 we obtain the renor-
malized energy-momentum tensor and we calculate the heat kernel and effective
action for the Dirac field in the same background. In section 4 we outline the
construction of the Hartle-Hawking-Israel state for the real scalar field in the
non-rotating BTZ black hole in two and three dimensions. Finally, in section 5
we give our conclusions. In a first appendix, we make some comments on the
Dirac equation in three dimensional AdS and supersymmetry. Also, for sake of
clarity, we add an appendix explaining the construction of the Hartle-Hawking-
Israel state.
2 No superradiance for the Dirac field
In this section we will proof that there is no superradiance for the Di rac field
if we impose Dirichlet boundary conditions at infinity.
First we will write the Dirac equation in curved spacetime. This equation is
[γν (∂ν − Γν) +m]ψ = 0, (1)
where γν are the Dirac matrices, Γν is the spin connection and m is the mass
of the field. The spin connection is given by the following expression [4]
Γν = −1
4
γµ(∂νγµ − γδΓδµν), (2)
where the Dirac matrices satisfy
γνγµ + γµγν = 2gνµ, (3)
2
with gνµ the metric of the spacetime in consideration, and Γδµν the usual Christof-
fel symbols.
The metric we will consider is the BTZ metric [2], [3]
ds2 = gttdt
2 + gφφdφ
2 + 2gtφdtdφ+ grrdr
2 (4)
with
gtt =M − r
2
l2
, gtφ = −J
2
, gφφ = r
2, grr =
(
−M + J
2
4r2
+
r2
l2
)−1
, (5)
where M is the mass of the black hole and J the angular momentum. l2 = − 1Λ
with Λ the cosmological constant. The outer and inner horizons are defined as
r2± =
Ml2
2
(
1±
√
1− J
2
M2l2
)
. (6)
Now we write the metric of the BTZ black hole in a different form. We
follow [5] in writing the Dirac equation for the BTZ black hole. The metric is
given by
ds2 = − ∆
2
l2ρ2
dt2 +
l2ρ2
∆2
dρ2 + ρ2
(
dφ− ρ+ρ−
lρ2
dt
)2
, (7)
where ρ = r is the radial coordinate and
∆2 = (ρ2 − ρ2+)(ρ2 − ρ2−). (8)
Doing ρ2 = ρ2+ cosh
2 µ− ρ2− sinh2 µ then1
ds2 = − sinh2 µ
(
ρ+
dt
l
− ρ−dφ
)2
+ l2dµ2 + cosh2 µ
(
−ρ− dt
l
+ ρ+dφ
)2
. (9)
Now we introduce the coordinates
x+ = ρ+
t
l
− ρ−φ x− = −ρ− t
l
+ ρ+φ, (10)
then
ds2 = − sinh2 µdx+2 + l2dµ2 + cosh2 µdx−2. (11)
Choosing
e0+ = sinhµ e
2
− = coshµ e
1
µ = l, (12)
we have
Γ+ =
1
2l
γ˜2γ˜0 coshµ Γ− = − 1
2l
γ˜1γ˜2 sinhµ Γµ = 0, (13)
where
γ˜0 = iσ2 γ˜1 = σ1 γ˜2 = σ3 (14)
1In these coordinates the horizon is at µ = 0 and infinity at µ =∞.
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with σ1, σ2, σ3 the usual Pauli matrices. Using the obtained spin connection
coefficients we have the Dirac equation in (7)(
− 1
sinhµ
γ˜0∂+ +
1
coshµ
γ˜2∂− +
γ˜1
l
∂µ +
1
2l
(
coshµ
sinhµ
+
sinhµ
coshµ
)
γ˜1 +m
)
ψ = 0.
(15)
Writing the spinor as
ψ =
1√
sinhµ coshµ
e−i(k
+x++k−x−)
(
ψ1
ψ2
)
, (16)
where k+ = (ω− m˜Ω)/(2πlTH), k− = (ρ−ω− ρ+m˜/l)/(2πlρ+TH), TH = (ρ2+−
ρ2−)/2πl
2ρ+ and Ω = J/2ρ
2
+. We find that(
ik+
sinhµ
− ik
−
coshµ
)
ψ2√
sinhµ coshµ
= −
(
1
2l
(
coshµ
sinhµ
+
sinhµ
coshµ
)
+
+m+
1
l
∂µ
)
ψ1√
sinhµ coshµ
, (17)
−
(
ik+
sinhµ
+
ik−
coshµ
)
ψ1√
sinhµ coshµ
= −
(
− 1
2l
(
coshµ
sinhµ
+
sinhµ
coshµ
)
+
+m− 1
l
∂µ
)
ψ2√
sinhµ coshµ
. (18)
Further simplification gives(
dµ − ilk
+
sinhµ
)
ψ2 = −
(
ml− ilk
−
coshµ
)
ψ1, (19)
(
dµ +
ilk+
sinhµ
)
ψ1 = −
(
ml+
ilk−
coshµ
)
ψ2. (20)
Now we introduce another base of functions
ψ1 + ψ2 = (1 − tanh2 µ)−1/4
√
1 + tanhµ(ψ′1 + ψ
′
2) (21)
ψ1 − ψ2 = (1− tanh2 µ)−1/4
√
1− tanhµ(ψ′1 − ψ′2). (22)
Making y = tanhµ then we have2
(1− y2)dyψ′2 − il
(
k+
y
+ k−y
)
ψ′2 = −
(
ml+
1
2
− il(k+ + k−)
)
ψ′1 (23)
(1− y2)dyψ′1 + il
(
k+
y
+ k−y
)
ψ′1 = −
(
ml +
1
2
+ il(k+ + k−)
)
ψ′2. (24)
2In this coordinate the horizon is at y = 0 and infinity at y = 1.
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These equations are separable. Solving for example for ψ′1 we have
3
z(1− z)d2ψ′1 +
1
2
(1 − 3z)dψ′1 +
+
1
4
(
−ilk+ + l2k+2
z
+ ilk− − l2k−2 − (ml + 1/2)
2
1− z
)
ψ′1 = 0, (25)
where4 y2 = z. This is a hypergeometric equation whose solution is
ψ′1 =
k1√
1− z z
−i(lk+)/2(z − 1)(1−2lm)/42F1(a, b; c; z)
+
k2ie
π(−lk+)
√
1− z z
(1+ilk+)/2(z − 1)(1−2lm)/42F1(d, e; f ; z), (26)
where a = −(2lk+ − 2lk− − 2iml+ i)/4i, b = −(2lk+ + 2lk− − i(2ml + 1))/4i,
c = 1/2−ilk+, d = (2ilk+−2ilk−−2ml+1)/4, e = (2ilk++2ilk−−2lm+3)/4,
f = ilk+ + 3/2 and k1 and k2 are constants. Here we see that if −1/2 ≥ ml
then we can make ψ′1 = 0 at infinity. This demands that l to be negative. The
bound that we have just found seems similar to the one found in AdS for the
Dirac field [6]. We also comment that our solutions include the solution given
by Dasgupta [5] and it is obtained when ml = 1/2. Also it is clear that we can
not have a well behaved massless spinor.
Let us take k1 = 0. Then the solution is
ψ′1 =
1√
1− z z
(1+ilk+)/2(z − 1)(1−2lm)/42F1(d, e; f ; z). (27)
To obtain ψ′2 we have to differentiate the previous function, see (24)
dψ′1
dz
= αzα−1(1− z)βF − βzα(1 − z)β−1F + zα(1− z)β ab
c
G, (28)
where α = (1 + ilk+)/2, β = −(1 + 2lm)/4 and G = F (d+ 1, e+ 1; f + 1; z). If
we want ψ′2 = 0 at infinity then we have one more restriction in the parameter
β: β − 1 > 0.
From the above considerations we see that ψ′1 and ψ
′
2 are zero at infinity.
Now let us see what happens with the original spinor. We have that
(1 − tanh2 µ)−1/4
√
1 + tanhµ = eµ/2. (29)
Then
ψ =
√
2
sinh 2µ
e−i(k
+x++k−x−)
(
coshµ/2ψ′1 + sinhµ/2ψ
′
2
sinhµ/2ψ′1 + coshµ/2ψ
′
2
)
. (30)
Then clearly Dirichlet boundary conditions at infinity for the primes imply
Dirichlet boundary conditions for the original spinor. Now let us see what
3In this equation d means dz .
4The horizon is at z = 0 and infinity is at z = 1.
5
happens at the horizon. When we approach the horizon µ → 0 then we have
infinities, and the black hole seems to be unstable, unless ψ′1 = ψ
′
2 = 0 at the
horizon. So it seems that the physics of the problem force us to put some sort of
brick wall and then there is no superradiance. We point out that these boundary
conditions are quite natural, since the BTZ black hole is asymptotically AdS
spacetime, and it has been shown [7] that a well-defined quantization scheme
can be set up in AdS spacetime with these boundary conditions.
One can ask if the non-existence of superradiance shown above depends on
the ansatz for the spinor. In order to answer this question let us take some
limits in the Dirac equation. If we make µ→∞ then we obtain
∂µg2,1 + g2,1 +mlg1,2 = 0, (31)
where we have written the spinor as ψ = e−i(k
+x++k−x−)(g1, g2)
T . Solving for
g1 we find that
g1(µ) = C1e
−(ml+1)µ + C2e
(ml−1)µ, (32)
hence there are bounds for m depending on the boundary conditions of the field
at infinity. Now let us see what happens when µ→ 0. In this case we find that
(ik+γ˜0 +
1
2l
γ˜1)ψ = 0. (33)
This implies g1,2 = 0 and for example the Dirac current is zero at the horizon
and then there is no superradiance. A similar result for the scalar field was
obtained in [8] and a related result was obtained in [9] with Robin boundary
conditions at infinity. From the above analysis we see that the non-existence of
superradiance is quite generic, however the analysis of this paragraph should be
taken with care since we are over simplifying the problem, in the next paragraph
we will prove that there is no superradiance.
In order to prove the non-existence of superradiance we have to express our
solution which vanishes at infinity, where z = 1, around 1 − z using the linear
transformations of the hypergeometric functions. Explicitly we will use the
following relation [10]
F (a, b; c; z) =
Γ(c)Γ(c− a− b)
Γ(c− a)Γ(c− b)F (a, b; a+ b− c+ 1; 1− z) (34)
+ (1− z)c−a−bΓ(c)Γ(a+ b− c)
Γ(a)Γ(b)
F (c− a, c− b; c− a− b+ 1; 1− z).
If now we let z → 0 then we obtain that the first component of the spinor goes
like z
1
4 times a finite number, hence at the horizon z = µ = 0 we have that this
component vanishes, however the second component does not vanish at µ = 0
and if we calculate the radial component of the Dirac current [11] we obtain5
jµ = l(|ψ∗1 |2 − |ψ∗2 |2) (35)
5Here the components of the spinor are the ones without the factor 1√
sinhµ cosh µ
. However
for saying if there is superradiance or not the spinor without this term in enough.
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which implies a flux towards the black hole and hence we have no superradiance.
Hence for our choice of boundary conditions at infinity there is no superradiance
however (35) indicates that it might be possible that for other boundary con-
ditions there could be superradiance, we leave this question for a future work.
See also Appendix A.
In the following sections we address miscellaneous aspects related to quan-
tum fields in BTZ spacetime; these remarks are complementary and have also
a didactic purpose, pointing out some details that in most papers are omit-
ted. These are related to the energy-momentum tensor, effective action and
heat kernel of the Dirac equation, while section 4 regards the calculation of the
Hartle-Hawking state.
3 Aspects of the Dirac Equation in BTZ black
hole spacetime
In this section we obtain the renormalized energy-momentum tensor and we
calculate the heat kernel and effective action for the Dirac field in the BTZ
background.
3.1 Towards the energy-momentum tensor for Dirac
The classical energy-momentum tensor for the Dirac field is [11]
Tµν =
i
2
[
ψγ(µ∇ν)ψ − (∇(µψ)γν)ψ
]
. (36)
Hence the expectation value of the quantum version of this tensor in the appro-
priate state is given by [12]
〈Tµν〉 = lim
x′→x
tr
{
i
2
[
γ(µ∇ν) − γ(µ′∇ν′)
]
GDR (x, x
′)
}
, (37)
where ∇µ is the spinor covariant derivative. In our problem GDR is the renor-
malized Feynman propagator associated with the Hartle-Hawking-Israel state
for the rotating BTZ black hole. For the massless case, without renormaliza-
tion, this propagator is known and it is given by [13]
GD(x, x′) =
∞∑
n=−∞
GA(x, x
′
n), (38)
whereGA is the propagator in AdS and x
′ = (t′, r′, φ′) and x′n = (t
′, r′, φ′+2πn).
The renormalization of this propagator is not known and we will take an intuitive
approach. Assuming that the untraviolet divergences are the same for the scalar
and the Dirac field then we can use the results given in [14] in our problem, and
then the renormalized Feynman propagator is given by
GDR (x, x
′) = GD(x, x′)−GFsing(x, x′), (39)
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where
GFsing(x, x
′) =
i
4
√
2π
(
U(x, x′)
[σ(x, x′) + iǫ]1/2
)
. (40)
For the scalar case U(x, x′) is a scalar, we will assume that for the Dirac field
U(x, x′) is a spinor. This spinor can be calculated recursively up to the required
order [14]. σ(x, x′) is the half geodesic distance between x and x′.
The first terms of the expansion of the singular propagator can be written
in this case. We have
U = U0 + U1σ +O(σ
2) (41)
with
U0 = 1− 2
l2
σ, (42)
U1 = m
2 − 6
l2
(ξ − 1/6). (43)
For a massless conformal field the last term vanishes. In order to calculate
the energy-momentum tensor we have to know the expression for GD(x, x′),
however as the reader can see this expression can not be expressed in a closed
form. Hence we leave at this point the calculation of the energy-momentum
tensor. Just for completeness we give the expression of σ in terms of BTZ
coordinates
σ(x, x′) =
1
2
ηµν(ξ
µ − ξ′µ)(ξν − ξ′ν)
=
1
2
(
B +B′ −A−A′ −
√
BB′ cosh(t− t′) +
√
AA′ cosh(φ− φ′)
)
,
where [15]
A =
l2
r2+
r2 (44)
and
B = l2
(
r2 − r2+
r2+
)
. (45)
Further steps might be done by numerical calculation that is beyond our
present purposes.
3.2 Some words about vacuum polarization
For the scalar field in the BTZ black hole there is polarization of the vacuum [16],
[17]. This polarization goes as 1/r and then vanishes at infinity. However for
the same field but in pure AdS there is also polarization which is, as expected,
constant [18] and then does not vanish at infinity. Since the BTZ black hole
is locally AdS we can conclude that the polarization of the vacuum is a global
effect. This is not something completely new since the definition of vacuum is a
global definition. If we could calculate the energy-momentum tensor for Dirac
it would be interesting if we obtain the same vacuum polarization as with the
scalar field.
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3.3 Effective action and heat kernel
We are interested in calculating the effective action and the heat kernel for the
Dirac field in the BTZ black hole. In this subsection we will do this using an
asymptotic expansion.
The effective action for the Dirac field is given as [19]
W = − i~
2
ln [det(lD)]
2
(46)
where l is length and D is the Dirac operator. The last expression can be written
as
W = − i~
2
ln det
[
l
2
(
∇µ∇µ + 1
4
R+m2
)]
, (47)
where ∇µ is the spinorial covariant derivative and we have used the identity
[19], [20]
(γµ∇µ)2 +m2 = ∇µ∇µ + 1
4
R+m2. (48)
The utility of having expressed the effective action as function of a second order
differential operator is that for this kind of operators it is well known how to
write the divergences of the effective action. For example for an operator
Dx = g
µν(x)∇µ∇ν +Q(x) (49)
the heat kernel has the following expansion [19]
K(τ ;x, x) ≈ i(4πiτ)−n/2
∞∑
k=0
(iτ)kEk(x), (50)
where
E0(x) = I (51)
E1(x) =
1
6
RI −Q (52)
E2(x) =
(
− 1
30
∇µ∇µR+ 1
72
R2 − 1
180
RµνRµν +
1
180
RµνδσRµνδσ
)
I
+
1
12
WµνWµν +
1
2
Q2 − 1
6
RQ+
1
6
∇µ∇µQ (53)
with
Wµν = [∇µ,∇ν ]. (54)
The effective action is given in terms of the heat kernel as
W = − i~
2
∫
dvx
∫ ∞
0
dτ
τ
trK(τ ;x, x). (55)
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It is usually the case that this expression has divergences, due to the lower limit
of the integral on τ . Hence these divergences are isolated as follows. If we
denote divp as the divergence part of any expression then
divpW = − i~
2
∫
dvxdivp
∫ τ0
0
dτ
τ
trK(τ ;x, x), (56)
where τ0 is a small constant. Now using the expansion of the heat kernel for
small proper time we have
divpW =
i~
2
(4π)−n/2
∫
dvx
∞∑
k=0
trEk(x)divp
∫ τ0
0
dτ(iτ)k−1−n/2. (57)
In this expression the divergences are clearly isolated. Now we regularize this
expression by a cut-off and dimensional regularization. Since we are interested
in the BTZ black hole we will give the expressions for three dimensions and
refer the reader to [19]. For three dimensions we have that
divpW = −~
2
(4π)−3/2
∫
dvx
1∑
k=0
trEk(x)(il
2)k−3/2
τ
k−3/2
c
k − 32
, (58)
where τc is a small proper time. In the dimensional regularization there is no
divergent part in the effective action.
4 The Hartle-Hawking-Israel state in the BTZ
black hole
It is well known [21] that in the Schwarzschild black hole there exists for the
real scalar field three possible vacuum known as the Hartle-Hawking-Israel [22],
[23], the Boulware [24] and the Unruh [25] vacuum. Some time ago [26] it was
found that the global quantization in AdS induces the Hartle-Hawking-Israel
state in the BTZ black hole. In this section we will construct this state using
the solutions of the Klein-Gordon equation in the BTZ black hole.
In this section we show how to contruct the Hartle-Hawking-Israel state for
the two and three dimensional BTZ black hole. For the three dimensional case
this state has been given by [26] but by means of the immersion of the BTZ black
hole in AdS. In this section we construct this state by using the solutions of the
Klein-Gordon equation in the BTZ black hole without viewing it as immersed
in AdS.
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4.1 The Hartle-Hawking-Israel state in two dimensions
The two dimensional BTZ black hole can be considered as a solution of the
Jackiw-Teitelboim theory [27], its metric is given by6
ds2 = −
(
−M + r
2
l2
)
dt2 +
dr2(−M + r2l2 ) , (59)
where M and l are parameters of the theory. This metric has a Kruskal like
extension [15] and we can introduce a tortoise like coordinate [15] r∗ in such a
way that the metric takes the form
ds2 =
(
−M + r
2
l2
)
(dt2 + dx2), (60)
where we have made r∗ = x and r is an implicit function of x. The coordinate
x is −∞ at the horizon and 0 at infinity.
Now we consider the massless conformally coupled real scalar field with
equation of motion
∇µ∇µφ = 0 (61)
in the metric (60). The equation (61) is such that it reduces to
(−∂2t + ∂2x)φ = 0. (62)
If we assume a harmonic dependence in time and impose Dirichlet boundary
conditions at infinity7 then we have the solutions
φ(t, x) =
1√
πω
e−iωt sin(ωx). (63)
These solutions are normalized with respect to the Klein-Gordon inner product
8.
The Kruskal coordinates T and R are given in terms of t and r∗ as [15]:
In RK
T = e
r+
l2
r∗ sinh
(r+
l2
t
)
R = e
r+
l2
r∗ cosh
(r+
l2
t
)
. (64)
In LK
T = −e
r+
l2
r∗ sinh
(r+
l2
t
)
R = −e
r+
l2
r∗ cosh
(r+
l2
t
)
. (65)
In FK
T = e
r+
l2
r∗ cosh
(r+
l2
t
)
R = e
r+
l2
r∗ sinh
(r+
l2
t
)
. (66)
6This metric can also be considered as a dimensional reduction of the BTZ metric in three
dimensions [28].
7We have to impose boundary conditions at infinity since the BTZ black hole has a time-like
boundary at infinity.
8If we choose Neumann boundary conditions then the normalized solutions are with cosine
instead of sine.
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In PK
T = −e
r+
l2
r∗ cosh
(r+
l2
t
)
R = −e
r+
l2
r∗ sinh
(r+
l2
t
)
. (67)
Here RK , LK , FK and PK are the right, left, future and past regions of the
Kruskal spacetime. From these expressions we see that the (T,R) and (t, r∗) co-
ordinates are related as the Minkowski and Rindler coordinates in flat spacetime
are.
Following, for example, [29] or the description of the construction of Israel
given in the appendix A we can introduce Rindler like modes in RK and LK .
These modes will be given in terms of (63). It is clear from the expressions
of the normalized modes and the form of the Kruskal coordinates in terms of
t and r∗ that every step given in [29] applies to the present case and then we
can obtain the Hartle-Hawking-Israel state |K〉 which would be the analogous
of the Minkowski vacuum in terms of Rindler vacuum |R〉
|K〉 = exp
{∑
ω
(
− ln coshφω + (tanh φω)a(+)†ω a(−)†ω
)}
|R〉 , (68)
where a
(+)†
ω and a
(−)†
ω are the creation operators, see also appendix A, associated
with the modes (63) and with its partners on the other wedge respectively. The
state we obtain is analogous to the one obtained by [23] however in our case
we have given an explicit expression for the functions which define the Rindler
like quantization whereas Israel just assumed the existence of such functions.
Also we point out that our arguments clarify the way the Hartle-Hawking-Israel
state is obtained from first principles.
4.2 The Hartle-Hawking-Israel state in three dimensions
We assume the field satisfies the following equation
(∇µ∇µ − ξR−m2)ϕ = 0, (69)
where ξ is a coupling constant, R is the Ricci scalar and m can be consider the
mass of the field when it is quantized.
Now we assume the field has the following form ϕ = e−iωt+imφR(r). Once
we do this the Klein-Gordon equation in the metric (4) reduces to(
grr(ω − J
2r2
m)2 − m
2
r2
+
1
r
∂r
r
grr
∂r − m˜2
)
R(r) = 0, (70)
where m˜2 = m2− 6ξl2 . Now let us introduce a new variable [30] z and a function
F (z) as
z =
r2 − r2+
r2 − r2−
, F (z) = ziα(1− z)−βR(z), (71)
then we obtain the hypergeometric differential equation
z(1− z)d
2F
dz2
+ (c− (1 + a+ b)z)dF
dz
− abF = 0, (72)
12
with the following parameters
a = β − i l
2
2(r+ + r−)
(
ω +
m
l
)
b = β − i l
2
2(r+ − r−)
(
ω − m
l
)
c = 1− 2iα,
(73)
with
α =
l2r+
2(r2+ − r2−)
(ω − ΩHm) β = 1−
√
1 + l2m˜2
2
, (74)
where ΩH is the angular velocity of the horizon.
Following [30] we impose Dirichlet boundary conditions at infinity, which
give us the following solution
R∞ =
z−iα(1− z)β(1 − z)c−a−b
Γ(c− a− b+ 1) F (c− a, c− b, c− a− b+ 1; 1− z). (75)
Near the horizon this solution can be expressed as
R∞ =
Γ(1− c)
Γ(1− a)Γ(1 − b)Rr+in +
Γ(c− 1)
Γ(c− a)Γ(c− b)Rr+out, (76)
where in terms of the hypergeometric function we have
Rr+in = z
−iα(1− z)βF (a, b, c; z), (77)
Rr+out = z
iα(1− z)βF (1 + b− c, 1 + a− c, 2− c; z). (78)
The approximate expression of these functions near the horizon is
Rr+in ≈ exp(−i(ω − ΩHm)r∗ − iα0(ω)), (79)
Rr+out ≈ exp(i(ω − ΩHm)r∗ + iα0(ω)), (80)
where r∗ is the tortoise coordinate and
α0(ω) =
l2r+(ω − ΩHm)
2(r2+ − r2−)
ln
4r2+
r2+ − r2−
. (81)
At this point Kuwata et. al. [30] choose boundary conditions at the horizon. We
will follow a different path and point out that the Hartle-Hawking-Israel state
can be constructed following [23] since if we write the modes near the horizon
in term of the Kruskal coordinates9 V and U [15] we have
ϕin ≈ exp(−iω
κ
lnV ), (82)
9These coordinates are null Kruskal coordinates which in terms of the usual Kruskal coor-
dinates, T and R, are defined as U = T − R and V = T + R. Here T and R are defined in
terms of the Schwarzschild time t and the tortoise coordinate r∗ as defined in the precedent
section in two dimensions.
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ϕout ≈ exp(−iω
κ
ln(−U)), (83)
where κ is the surface gravity. Using this expressions for the modes it is clear
that we can construct the Hartle-Hawking-Israel state following [23]. For more
details see the paper by Israel (see also Appendix B). Hence we conclude that
the Hartle-Hawking-Israel state can be constructed for the non-rotating BTZ
black hole. It is interesting that if we allow rotation then the modes do not
have the simple expressions just mentioned, this can be an indication that it is
not possible to construct the Hartle-Hawking-Israel state for the rotating BTZ
black hole. If this is true we would have indications that a theorem like the
Kay-Wald theorem for Kerr10 [31] holds for the rotating BTZ black hole.
5 Conclusions
We have discussed some interesting aspects of classical and quantum fields in the
BTZ black hole. For example we have shown that there is no superradiance for
the Dirac field in the BTZ black hole for Dirichlet boundary conditions at infin-
ity. This is analogous with the Dirac field in the Kerr metric which does not have
superradiance either [1]. Hence it seems that the existence of superradiance has
to do with the boundary conditions at infinity as well as with the physics near
the black hole. We outlined the construction of the energy-momentum tensor
for the Dirac field; it might be possible that the corresponding calculation can
be done by numerical methods. Also we have been able to write approximate
expressions for the effective action and heat kernel which simplify due to the
dimensionality of the BTZ black hole. Other relevant result is the construction
of the Hartle-Hawking-Israel state in two and three dimensions using only the
geometry of BTZ itself and without using the embedding of it in AdS.
Acknowledgments: The work of L. O. has been sponsored by CONACYT-
Mexico through a postdoctoral fellowship. N. B. acknowledges partial financial
support from CONACYT-Mexico through the proyect No. 284489.
A The Dirac equation in AdS and supersymme-
try
In this section we show there exist some coordinates where the Dirac equation
in three dimensional AdS can be written easily and make some comments on
constructing some supersymmetrical models in this spacetime.
10What this theorem says is tantamount, in the present context, to say that there not exist
the Hartle-Hawking-Israel state for the real scalar field in the Kerr metric.
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It is well known [32] that three dimensional AdS can be defined as the
hyperboloid −U2 − V 2 + X2 + Y 2 = −1/l2 embedded in a space with metric
ds2 = −dU2 − dV 2 + dX2 + dY 2.
Now we can introduce the so called global coordinates defined by
U = 1/l coshµ sin t, V = 1/l coshµ cos t, (84)
X = 1/l sinhµ cos θ, V = 1/l sinhµ sin θ. (85)
In these coordinates the metric reads as
ds2 = 1/l2
(− cosh2 µdt2 + dµ2 + sinh2 µdθ2) . (86)
Here 0 ≤ µ ≤ ∞, 0 ≤ θ ≤ 2π and 0 ≤ t ≤ 2π. It is clear that the expression for
this metric allow us to introduce the thriads easily as we did in the BTZ black
hole in the main text of this work. So we expect that an exact solution of the
Dirac equation in three dimensional AdS spacetime exist. If our expectatives
are correct then we could try to construct a supersymmetrical model in three
dimensional AdS spacetime as was done in [33]. We leave this also for future
work.
B The Unruh-Israel construction
We call the Unruh-Israel construction to the construction of the Minkowski/Krus-
kal vacuum by using two copies of Rindler/Schwarzschild quantization. Let
fω be the modes of the Klein-Gordon equation in the left or right wedge of
Minkowski/Kruskal spacetime11. Now we define F
(ǫ)
ω to be equal to fω in the
right wedge for ǫ = + and zero in the other wedge; similarly we define F
(ǫ)
ω for
ǫ = −. It turns out that the combination [25]
H(ǫ)ω (x) = F
(ǫ)
ω (x) coshφω + F
(−ǫ)
ω (x) sinh φω (87)
is analytic on the horizon, where tanhφω = exp(−πω/κ) and ǫ is ± depending
on which wedge is x. The basic idea of the construction is that F
(ǫ)
ω (x) and
H
(ǫ)
ω (x) are both complete and satisfy
(H(ǫ)ω , H
(ǫ′)
ω′ ) = (F
(ǫ)
ω , F
(ǫ′)
ω′ ) = ǫδǫǫ′δ(ω − ω′), (88)
where (, ) is the Klein-Gordon inner product. Then both set of modes define
equivalent quantizations. The quantization defined byH
(ǫ)
ω ’s leads to the Hartle-
Hawking-Israel state or the Minkowski vacuum in the flat spacetime. But it is
clear that we need to know the F
(ǫ)
ω ’s modes for doing the construction. With
each mode there is associated an annihilation operator, the vacuum which is
annihilated by the operators associated with the H
(ǫ)
ω ’s is the Hartle-Hawking-
Israel state. For more details see the paper of Israel [23].
11For the case of Kruskal spacetime change right for right exterior and left for left exterior.
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